We show that the asymptotic dimension of a geodesic space that is homeomorphic to a subset in the plane is at most three. In particular, the asymptotic dimension of the plane and any planar graph is at most three.
Introduction
1.1. Statements. The notion of asymptotic dimension introduced by Gromov [8] has become central in Geometric Group Theory mainly because of its relationship with the Novikov conjecture. The asymptotic dimension asdim X of a metric space X is defined as follows: asdim X ≤ n if and only if for every m > 0 there exists D(m) > 0 and a covering U of X by sets of diameter ≤ D(m) (D(m)-bounded sets) such that any every m-ball in X intersects at most n + 1 elements of U. We say asdimX ≤ n, uniformly if one can take D(m) independently from X if it belongs to a certain family.
In this paper we deal with asymptotic dimension in a purely geometric setting, that of Riemannian planes and planar graphs. An aspect of the geometry of Riemannian planes that is studied extensively is that of the isoperimetric problem-even though in that case one usually imposes some curvature conditions (see [3] , [15] , [12] , [18] , [10] , [9] ). We note that Bavard-Pansu ( [2] , see also [4] ) have calculated the minimal volume of a Riemannian plane. There are some general results in the related case of a 2-sphere [11] . On the other hand there is a vast literature dealing with planar graphs. See eg [1] , [7] , [14] , [16] , [19] .
We prove the following: Theorem 1.1. Let P be a geodesic metric space that is homeomorphic to R 2 . Then the asymptotic dimension of P is at most three, uniformly. More generally if P is a geodesic metric space such that there is an injective continuous map from P to R 2 , then the conclusion holds.
The first author is supported in part by Grant-in-Aid for Scientific Research (No. 15H05739). He would like to thank Mathematical Institute of University of Oxford for their hospitality.
To be more precise, the following holds: Given M > 0 there is some D(M) > 0 such that there is a cover of P with sets of diameter < D(M) and that any ball of radius m intersects at most 4 of these sets.
Moreover, we can take D(M) = 3 · 10 6 M.
We note that any complete Riemannian metric on R 2 gives an example of such a geodesic space P .
We say a connected graph P is planar if there is an injective map φ : P → R 2 such that on each edge of P , the map φ is continuous.
We view a connected graph as a geodesic space where each edge has length 1. We denote this metric by d P . We do not assume that the above map φ is continuous on P with respect to d P , so that Theorem 1.1 might not directly apply, but the same conclusion holds for planar graphs.
Theorem 1.2. The asymptotic dimension of a planar graph, (P, d P ), is at most three, uniformly for all planar graphs.
The conclusion on the existence of a covering in Theorem 1.1 holds for planar graphs as well.
The proof of both theorems will be given in Section 4. There is a notion called Assouad-Nagata dimension, which is closely related to asymptotic dimension. The only difference is that it additionally requires that there exists a constant C such that D(m) ≤ Cm in the definition of asymptotic dimension. Since we have a such bound, we also prove that Assouad-Nagata dimension of P is at most three in Theorems 1.1 and 1.2.
We note that all finite graphs have asymptotic dimension 0 however our theorem makes sense for finite graphs as well. We restate Theorem 1.2 in terms of a covering for finite planar graphs as a special case:
any finite planar graph there is a cover of G by subgraphs G i , i = 1, ..., n such that the diameter of each G i is bounded by D(M) and any ball of radius M intersects at most 4 of the G i 's.
In connection to Theorem 1.2, we would like to mention the following theorem.
Theorem 1.4 (Ostrovskii-Rosenthal). [17] If Γ is a connected graph with finite degrees excluding the complete graph K m as a minor, then Γ has asymptotic dimension at most 4 m − 1.
K m here is the compete graph of m-vertices. The degree of a vertex is the number of edges incident at the vertex. A minor of a graph Γ is a graph M obtained by contracting edges in a subgraph of Γ. The well-known Kuratowski Theorem states that a finite graph is planar if and only if the K 5 and K 3,3 , the complete bipartite graph on six vertices, are excluded as minors of the graph. This characterization applies to infinite graphs if one defines an infinite graph to be planar provided there is an embedding of the graph into R 2 , [6] . So, as a special case, the theorem above implies that an infinite finite degree graph that embeds in R 2 has asymptotic dimension at most 4 5 − 1, in particular finite. We also remark that they also proved this bound for Assouad-Nagata dimension, which bounds asymptotic dimension from above. The proof relies on earlier results of Klein, Plotkin, and Rao [13] .
1.2. Idea of proofs. We give an outline of the proof of our results. We fix a basepoint e in P and we consider 'annuli' around e of a fixed width (these are metric annuli so, if P is a plane with a Riemannian metric, topologically are generally discs with finitely many holes). Here, annuli are subsets defined as follows: Consider f (x) = d(e, x). Fix m > 0. We will pick N ≫ m and consider the "annulus"
We show in section 3 that in the large scale these annuli resemble cacti. Generalizing a well known result for trees and R-trees we show in section 2 that cacti have asymptotic dimension at most 1. We show in section 3 that 'coarse cacti' also have asymptotic dimension 1. In section 4 we decompose our space in 'layers' which are coarse cacti which implies that the asymptotic dimension of the space is at most 3.
In the proofs in sections 2-4 the constants and inequalities that we use are far from optimal, we hope instead that they are 'obvious' and easily verifiable by the reader.
In section 5 we show that our result can not be extended to Riemannian metrics on R 3 and we pose some questions.
Asymptotic dimension of cacti
2.1. Cactus. As we said, the idea of our proof is that the successive 'annuli' making up the plane resemble cacti and so they have asymptotic dimension at most 1.
We begin by showing that a cactus has asymptotic dimension at most 1.
Definition (Cactus). A cactus is a connected graph such that any two cycles intersect at at most one point. More generally we will call cactus a geodesic metric space C such that any two distinct simple closed curves in C intersect at at most one point.
We remark that our notion of cactus generalizes the classical graph theoretic notion in a similar way as R-trees generalize trees. Proof. Let m > 0 be given. It is enough to show that there is a covering of C by uniformly bounded sets such that any ball of radius m intersects at most 2 such sets. Fix e ∈ C. Consider f (x) = d(e, x). We will pick N = 100m and consider the "annulus"
We define an equivalence relation on A k : x ∼ y if there are x 1 = x, x 2 , ..., x n = y such that x i ∈ A k and d(x i , x i+1 ) ≤ 10m for all i.
Since every x ∈ C lies in exactly one A k this equivalence relation is defined on all C. Let's denote by B i , (i ∈ I) the equivalence classes of ∼. By definition if B i , B j lie in some A k then a ball B of radius m intersects at most one of them. It follows that a ball of radius m can intersect at most two equivalence classes. So it suffices to show that the B i 's are uniformly bounded. We claim that diam(B i ) ≤ 10N. This will show we can take D(m) = 1000m. We will argue by contradiction: let x, y ∈ B i ⊆ A k such that d(x, y) > 10N. We will show that there are two non-trivial loops on C that intersect along a non-trivial arc.
Let γ 1 , γ 2 be geodesics from e to x, y respectively. Let p be the last intersection point of γ 1 , γ 2 . We may assume without loss of generality that γ 1 ∩ γ 2 is an arc with endpoints e, p.
If d(p, x) < 4N then, since x, y ∈ A k , d(p, y) ≤ 5N so d(x, y) < 10N which is a contradiction. By the definition of ∼ there is a path α from x to y that lies in the 10m-neighborhood of A k . We may assume that α is a simple arc and that its intersection with each one of γ 1 , γ 2 is connected. If x 1 is the last point of intersection of α with γ 1 and y 1 is the first point of intersection of α with γ 2 then the subarcs of γ 1 , α, γ 2 with endpoints respectively p, x 1 , x 1 , y 1 , y 1 , p define a simple closed curve β. We note that
Let α 1 be the subarc of α with endpoints x 1 , y 1 . Then
Let x 2 be the midpoint of α 1 . We consider a geodesic γ 3 joining e to the midpoint x 2 of α 1 . We note that γ 3 is not contained in β ∪(γ 1 ∩γ 2 ). Indeed if it were contained in this union then we would have
Therefore there are two cases:
There is a subarc of γ 3 with one endpoint a 1 on γ 1 ∩ γ 2 and another endpoint a 2 = p on β which intersects γ 1 ∪ β only at its endpoints. In this case we consider the loop γ consisting of the arc on γ 3 with endpoints a 1 , a 2 and a simple arc on γ 1 ∪ β joining a 1 , a 2 . Clearly γ intersects β along a non-trivial arc contradicting the fact that C is a cactus.
Case 2. There is a subarc of γ 3 with endpoints a 1 , a 2 on β which intersects β only at its endpoints. In this case we consider the loop γ consisting of the arc on γ 3 with endpoints a 1 , a 2 and a simple arc on β joining a 1 , a 2 . Clearly γ intersects β along a non-trivial arc contradicting the fact that C is a cactus.
The moreover part follows since for a given m > 0, we chose N = 100m and showed diam(B i ) ≤ 10N, which does not depend on the cactus C.
The following is immediate from Proposition 2.1.
Moreover if X is uniformly quasi-isometric to a cactus, then asdim X ≤ 1, uniformly.
To be concrete, the conclusion says that D(m) in the definition of the asymptotic dimension depends only on m and the quasi-isometry constants.
Coarse cacti
We prove now that if a space looks coarsely like a cactus it has asymptotic dimension at most 1. We make precise what it means to look coarsely like a cactus below.
Definition (M-fat theta curve). Let X be a geodesic metric space. Let Θ be a unit circle together with a diameter. We denote by x, y the endpoints of the diameter and by q 1 , q 2 , q 3 the 3 arcs joining them (ie the closures of the connected components of Θ \ {x, y}).
and for any i = j, any point in
Definition (M-coarse cactus). Let X be a geodesic metric space. If there is an M > 0 such that X has no M-fat theta curves then we say that X is an M-coarse cactus or simply a coarse cactus.
We give now a proof that a coarse cactus has asymptotic dimension at most one imitating the proof of Proposition2.1.
For m ≤ M, we could put, for example, D(m) = 10 5 M.
Proof. Let m > 0 be given. It is enough to show that there is a covering of C by uniformly bounded sets such that any ball of radius m intersects at most 2 such sets. Without loss of generality we may assume m > M. Fix e ∈ C. Consider f (x) = d(e, x). We will pick N = 100m and consider the "annulus"
We define an equivalence relation on
Since every x ∈ C lies in exactly one A k this equivalence relation is defined on all C. Let's denote by B i , (i ∈ I) the equivalence classes of ∼. By definition if B i , B j lie in some A k then a ball B of radius m intersects at most one of them. It follows that a ball of radius m can intersect at most two equivalence classes. So it suffices to show that the B i 's are uniformly bounded. We claim that diam(B i ) ≤ 1000N, which shows it suffices to take D(m) = 1000N = 100000m.
We will argue by contradiction: let x, y ∈ B i ⊆ A k such that d(x, y) > 1000N. We will show that there is an M-theta curve in C.
Let γ 1 : [0, l 1 ] → C, γ 2 : [0, l 2 ] → C be geodesics (parametrized with respect to arc length) from e to x, y respectively. Let
Let t 2 be such that d(γ 1 (t 1 ), γ 2 (t)) = N. We set p 2 = γ 2 (t 2 ). Let ζ be a geodesic joining p 1 , p 2 . We set
. By the definition of ∼ there is a path α : [0, ℓ] → C from x to y that lies in the 10m-neighborhood of A k . We further assume that α is of minimal length among arcs with this property. Let a 1 = α(s 3 ) such that d(a 1 , x) = d(a 1 , y). Let η 1 be a geodesic path joining p 4 , a, and η 2 , η 3 ⊆ η be geodesic paths joining a to a 2 , a 3 respectively.
We will define an M-fat theta curve having as one of its branch points a. To define the other branch point we need to distinguish two cases:
We pick then p 5 ∈ β with d(p 3 , p 5 ) = N. Let η 4 be a geodesic joining p 3 , p 5 . In this case p 5 will be the other branch point of the M-fat theta curve.
We set β 1 to be the subarc of β joining x, p 5 and β 2 the subarc of β joining y, p 5 .
We define now three arcs α 1 , α 2 , α 3 that will be the three arcs of the theta curve joining p 5 , a:
We pick R = 5N and we verify that Θ = α 1 ∪ α 2 ∪ α 3 is M-fat: We show first that d(p 5 , a) ≥ 10N + 2M. By the definition of η its endpoints are at distance > 400N from x, y. If d(p 5 , a) < 10N + 2M then p 5 is at distance < 40N from the endpoints of η which implies that it is at distance less than 40N from A k . But by the definition of β this implies that p 5 is at distance < 50N from x or y contradicting the fact that the endpoints of η are at distance > 400N from both x, y. We set β 1 to be the subarc of β joining x, p 3 and β 2 the subarc of β joining y, p 3 .
We define now three arcs α 1 , α 2 , α 3 that will be the three arcs of the theta curve joining p 3 , a:
We pick R = 5N and we verify that Θ = α 1 ∪ α 2 ∪ α 3 is M-fat: It is clear as in case 1 that d( The moreover part follows since for a given m > 0, we chose N = 1000m and showed diam(B i ) ≤ 1000N, which does not depend on the quasi-cactus C.
We state a lemma which we use later. Although we do not assume a theta curve is embedded, we can produce an embedded theta curve that is fat in the following sense. 
where N M/2 is for the (M/2)-neighborhood for the metric d A .
Proof. Let R > 0 be the constant that appear in the definition of a fat curve for Θ. Let a, b the branch points. Let p ′′ = p \ N R (a, b), and define s ′′ , q ′′ similarly. Then p ′′ does not intersect N M/2 (s ′′ ∪ q ′′ ). Similar property holds if we permute p ′′ , s ′′ , q ′′ . Then one can easily join p ′′ , s ′′ , q ′′ in N R (a, b) and form a desired embedded theta curve
We conclude this section with a lemma that is a consequence of the Jordan-Schoenflies curve theorem. Lemma 3.3 (The theta-curve lemma). Let Θ(p, q, r) be an embedded theta curve in R 2 , and e ∈ R 2 a point with e ∈ Θ. Then after swapping the labels p, q, r if necessary, the simple loop p ∪ r divides R 2 into two regions such that one contains e and the other contains (the interior of ) q.
Proof. By the Jordan-Schoenflies curve theorem (cf. [5] ), after applying a self-homeomorphism of R 2 , we may assume the simple loop p ∪ r is the unit circle in R 2 , which divides the plane into two regions, D 1 , D 2 . If e and q are not in the same region, we are done. So, suppose both are in, say, D 1 . Then the arc q divides D 1 into two regions, and call the one that contains e, D ′ 1 . After swapping p, r if necessary, the boundary of D ′ 1 is the simple loop p ∪ q. Now, apply the Jordan-Schoenflies curve theorem to the loop p ∪ q, then it divides the plane into two regions such that one is D ′ 1 and the other one contains r. Finally we swap q, r and we are done.
Asymptotic dimension of planar sets and graphs
Definition (Planar sets and graphs). Let (P, d P ) be a geodesic metric space. We say it is a planar set if there is an injective continuous map,
Let P be a graph. We say P is planar if there is an injective map φ : P → R 2 such that on each edge of P , the map φ is continuous.
We view a connected graph as a geodesic space where each edge has length 1. We denote this metric by d P . We do not assume that the above map φ is continuous with respect to d P when P is a graph.
4.1.
Annuli are coarse-cacti. Let (P, d P ) be a geodesic metric space and pick a base point e. For r > m > 0, set
which we call an annulus, although it is not always a topological annulus.
We start with a key lemma. Proof. Case 1: Planar sets. Suppose A contains a 2m-fat theta-curve Θ = (p, q, s). From the theta-curve Θ, by Lemma 3.2 we form an embedded theta-curve, Θ ′ = (p ′ , q ′ , s ′ ), which is a subset of Θ, such that
Using the map φ, we can identify P with its image in R 2 . Since Θ ′ is (continuously) embedded by φ, we view it as a subset in R 2 . Then by the theta-curve lemma (Lemma 3.3), after swapping p ′ , q ′ , s ′ if necessary, the simple loop p ′ ∪ s ′ divides R 2 into two regions such that one contains e and the other contains (the interior of) the arc q ′ .
Take a point x ∈ q ′ \ N m (s ′ ∪ p ′ ). Here, N m is for the m-neighborhood w.r.t. d A . Join e and x by a geodesic γ in the space P . Then by the Jordan curve theorem, γ must intersect p ′ ∪ s ′ since x ∈ D. See Figure 4 .
Let y be a point on γ that is on p ′ ∪ s ′ . Then It means x is in the mneighborhood of p ′ ∪ s ′ with respect to d A , which contradicts the way we chose x. Case 2: Planar graphs. The argument is almost same as the case 1, so we will be brief. We also keep the notations. If A contains a 2m-fat theta-curve Θ, then we form an embedded theta-curve Θ ′ = (p ′ , q ′ , s ′ ) as before. But notice that Θ ′ contains only finitely many edges, so that φ| Θ ′ is continuous, and that we can apply the theta-curve lemma to the image φ(Θ ′ ). We proceed as before, then take a geodesic γ in P . Again, it contains only finitely many edges, so that φ| γ is continuous and gives a path φ(γ) in R 2 . So, γ must intersect p ′ ∪ s ′ . The rest is same.
We will show a few more lemmas. Although we keep the planar assumption, we only use the conclusion of Lemma 4.1, ie, no fat theta curves in annuli. Proof. Let A 1 (r−m, r+4m) be the connected component of A(r−m, r+ 4m) that contains A 1 (r, r + 3m). Apply the lemma 4.2 to A 1 (r − m, r + 4m) with the path metric, and obtain a cover whose m-multiplicity is at most 2. Restrict the cover to A 1 (r, r + 3m). We argue this is a desired cover. First, this cover is D(m)-bounded w.r.t. d P . That is clear since d P is not larger than the path metric on A 1 (r − m, r + 4m). Also, its m-multiplicity is 2 w.r.t. d P . To see it, let x ∈ A 1 (r, r +3m) be a point. Suppose K is a set in the cover with d P (x, K) ≤ m. Then a path that realizes the distance d P (x, K) is contained in A 1 (r − m, r + 4m), so that the distance between x and K is at most m w.r.t. the path metric on A 1 (r − m, r + 4m). But there are at most 2 such K for a given x, and we are done. Lemma 4.3 implies a lemma for the entire annulus, if we reduce the width further, which is in general not connected. Lemma 4.4. Suppose (P, d P ) is a planar set or a planar graph. Given M > 0, there is a constant D(M) such that for any r, m > 0 the following holds. There is a cover of (A(r, r + m), d P ) by D(M)-bounded sets whose M-multiplicity is at most 2.
Moreover, we can take D(M) = 10 5 M if M ≥ 10m.
Proof. We will construct a desired covering for (A(r + m, r + 2m), d P ), then rename r + m by r. (Strictly speaking, this works only for r > m. But if r ≤ m, then the diameter of A(r, r + m) is ≤ 4m, so that it suffices to take 4m ≤ D(m).)
The metric in the argument is d P unless otherwise said. Let A 1 (r, r + 3m) be a connected component of A(r, r + 3m). By lemma 4.3, we have a covering of (A 1 (r, r + 3m), d P ) by D(m)-bounded
sets whose m-multiplicity is 2. Then restrict the covering to the set A 1 (r + m, r + 2m) = A 1 (r, r + 3m) ∩ A(r + m, r + 2m).
Apply the same argument to all other components, A i (r, r + 3m), of A(r, r + 3m), and obtain a covering for A i (r + m, r + 2m) = A i (r, r + 3m) ∩ A(r + m, r + 2m).
So far, we obtained a desired covering for each A i (r + m, r + 2m).
Consider the following decomposition, A(r + m, r + 2m) = ⊔ i A i (r + m, r + 2m).
We will obtain a desired covering on the left hand side by gathering the covering we have for each set on the right hand side. We are left to verify that the sets A i (r + m, r + 2m)'s are 2m-separated from each other w.r.t. d P . Indeed, let A i (r + m, r + 2m), A j (r + m, r + 2m) be distinct sets. Then A i (r + m, r + 2m) ⊂ A i (r, r + 3m), A j (r + m, r + 2m) ⊂ A j (r, r + 3m), A i (r, r + 3m) ∩ A j (r, r + 3m) = ∅. Now, take a point x ∈ A i (r + m, r + 2m) and a point y ∈ A j (r + m, r + 2m). Join x, y by a geodesic, γ, in P . See Figure 5 . Let x ′ ∈ γ be the first point where γ exits A i (r, r + 3m). Then we have d P (x, x ′ ) ≥ m.
Let y ′ ∈ γ be the last point where γ enters A j (r, r + 3m). Then d P (y ′ , y) ≥ m. Since A i (r, r + 3m) and A j (r, r + 3m) are disjoint, Proof. By assumption, (P, d P ) is either a planar set (Theorem 1.1) or a planar graph (Theorem 1.2). Given M > 0, set m = M 10 and define annuli A n = A(nm, (n + 1)m), n ≥ 0.
By Lemma 4.4 each (A n , d P ) has a covering by D(M)-bounded sets whose M-multiplicity is at most 2. Gathering all of them for the annuli, we have a covering of (P, d P ) by D(M)-bounded sets whose m 3multiplicity is at most 4 since A n and A n+2 are at least m-apart for all n with respect to d P . Here, we used m 3 = M 30 < M. In conclusion, the M 30 -multiplicity of our covering of P is at most 4, and the diameter bound satisfies D(M) = 10 5 M since m = M 10 . We are done by retaking D(M) = 30 · 10 5 M = 3 · 10 6 M since M was arbitrary.
There is nothing more to argue for Corollary 1.3 since it is only a special case of Theorem 1.2 for finite graphs.
Questions and remarks
An obvious open question is the following: Question 5.1. Is the asymptotic dimension of a plane at most two for any geodesic metric?
It is reasonable to ask whether the asymptotic bound for minor excluded graphs is uniform:
Question 5.2. Is there an M > 0 such that if Γ be a connected graph excluding the complete graph K m as a minor then Γ has asymptotic dimension at most M? In fact one may ask whether it is possible to take M = 2.
In contrast to Theorem 1.1, Proposition 5.3. R 3 has a Riemannian metric whose asymptotic dimension is infinite.
Probably this result is known to experts but we give a proof as we did not find it in the literature. Note that any finite graph can be embedded in R 3 and one sees easily that by changing the metric one can make these embeddings say (2, 2) quasi-isometric. Indeed one may take a small neighborhood of the graph and define a metric so that the distance from an edge to the surface of this neighborhood is sufficiently large. Fix n > 3 and take a unit cubical grid in R n , then consider a sequence of finite subgraphs Γ i in the grid of size i > 0. We join Γ i with Γ i+1 by an edge (for all i) and we obtain an infinite graph, Λ n , whose asymptotic dimension is equal to n. This graph also embeds in R 3 and one can arrange a Riemannian metric on R 3 such that the embedding is (2, 2) quasi-isometric. For this metric the asymptotic dimension of R 3 is at least n. Finally we can embed the disjoint union of Λ n , n > 3 in R 3 and arrange a Riemannian metric on R 3 such that the embedding is (2, 2) quasi-isometric. Now the asymptotic dimension of R 3 is infinite for this metric.
